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Abstract 
The aim of this article is to develop a valid and generalized dynamic model based on the bond graph theory for 
planetary gear set. In this regard, three sub-models are proposed: (a) carrier-planet sub-model, (b) ring-planet sub-
model, (c) sun-planet sub-model. Taking account of meshing stiffness and torsional stiffness, the dynamic model of 
each sub-model is established. Consequently, the whole model is integrated following the bond graph modeling 
procedure, and the state space equation is deduced from the model. Subsequently, free torsional vibration analysis of 
a planetary gear set is carried out to demonstrate the application of the bond graph model in mode analysis. The 
results indicate that the model can not only predict the natural frequencies and the displacement mode shapes, but 
also obtain the generalized deformation mode shapes simultaneously. 
© 2011 Published by Elsevier Ltd. 
Selection and/or peer-review under responsibility of ICAE2011. 
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1. Introduction
Planetary gear trains (PGTs) are used widely in automobiles, heavy trucks, aerospace applications and
other complex systems due to its numerous advantages, including high efficiency, compactness, low noise, 
etc. In recent years, the dynamic model of PGT has been extensively studied. Most of the models are 
established based on the Lagrangian or Newton approach [1-3]. Other existing technologies of dynamics 
analysis, such as bond graph (BG) [4-7], network graph theory [8], etc, are widely employed for dynamic 
modeling. But up to date, the BG model of PGT employed in systems is based on the simply kinetic 
relation about three main components: the sun gear, the carrier and the ring gear, even in some 
commercial softwares, such as 20-sim, AMEsim and so on.  
The aim of this article is to develop a valid and generalized dynamic model based on the BG theory for 
a single PGT. In this regard, three sub-models are proposed: (a) carrier-planet(C-P) sub-model, (b) ring-
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planet(R-P) sub-model and (c) sun-planet(S-P) sub-model. Taking account of meshing stiffness, torsional 
stiffness, the dynamic model of each sub-model is established.  Thus, a whole model can be integrated 
from the three sub-models . The state space equation is deduced from the bond graph model. Modal 
analysis as an important aspect of dynamic analysis, then, is performed to demonstrate the capabilities of 
the model. The results indicate that the model can not only predict the natural frequencies and the 
displacement mode shapes, but also the generalized deformation mode shapes be derived simultaneously. 
2. Bond graph model of the PGT dynamics 
2.1.  Analytical model of the PGT 
As we known, for a PGT, several identical planet (p) gears are in mesh with the sun gear and the ring 
gear(r), and all of the planet gears are held by the carrier(c). Planet gears rotate in two kinematic modes 
called revolution round the sun gear and autorotation round its own axis. Power flow into the PGT will 
split or converge. Basic kinematic model and a dynamic model of a single PGT are shown as Fig.1. 
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Fig.1 (a) Kinematic model of PGT;  (b)Physical model for dynamic meshing problem 
According to the kinematic relation of the components shown in Fig.1(a), the translation velocity in 
contact point A and B can be described as follows: 
                                                          
rcpppA rrV                                                                     (1) 
                                                          rrrA rV                                                                                (2) 
                                                         
scpppB rrV                                                                        (3) 
sssB rV                                                                                  (4) 
Where, j and jr  stand for the rotating velocity and the base circle radius ( psrj ,, ) respectively. A 
is the meshing point of the ring gear and the planet, and B is the meshing point of the sun gear and the 
planet. pmV is the velocity of planets in point m  along tangent direction, where BAm , . Similarly, 
rAV and sBV  are the linear velocity of ring gear in A and sun gear in B. 
2.2. Dynamic model 
2.2.1 C-P sub-model 
The planet gears are connected to each other through a common carrier, which is the C-P subsystem, 
holding the same rotate speed decided by the carrier. So, they get equal “flow”, the power on carrier split 
to three planets respectively. Based on the BG principles, the bond graph model of C-P set is shown in 
Fig.2 (a). The set of common flow nodes, “1” that represent the rotate speed of the carrier c , I elements 
cI  denotes the rotary inertia of the carrier, pciI  denotes the planet rotary inertia around the center of the 
carrier( 3,2,1i ), and effort source element Se denotes the input torque applied on the carrier. 
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2.2.2 R-P sub-model 
Considering the internal gear mesh (P-R) unit according to the analysis model, the linear velocity of 
ring gear and planet along the tangential direction of mesh point A shown in Fig.1(a) is chosen as a point 
of penetration to model. The R-P unit sub-model can be built as shown in Fig.2(b).   
In Fig. 2(b), the flow junction 15 , 16, 110 represent the rotate speed of the carrier, the planet and ring 
gear respectively, and 17, 18, 19 represent the linear velocity of the planet, the mesh spring and the ring 
gear in the tangential direction of A. The transformer TF: rr/1 , TF: rr  and TF: pr/1  allow to obtain the 
rotate speed of the ring gear, the linear velocity of the planet revolution rounds the sun gear, and the 
planet autorotation rounds its own axis. Then the assumption that the planet moves along the tangential 
direction at point A pAV  can be obtained through the effort junction 03. The mesh spring in general react 
to the relative velocity across them, so junction 04 added between 17 and 19.
2.2.3 S-P sub-model 
Similarly, considering the power flow of the external gear mesh (P-S), the linear velocity of the two 
components at mesh point B is chose as a point of penetration to model. In the light of the equation (3) 
and (4) and the bond graph principle, the S-P unit sub-model can be built as shown. 
In Fig.2(c), the flow junction 111, 112, 116 represent the rotate speed of the carrier, the planet and the 
sun gear respectively, and 113, 114, 115 represent the linear velocity of the planet, the mesh spring and the 
ring gear at point B. Transformers TF: sr/1 , sr  and pr allow to obtain the rotate speed of the sun gear, 
the linear velocity of the planet revolution rounds the sun gear and the planet autorotation. The 
assumption that the planet moves along the tangential direction at point B can be obtained through the 
effort junction 05. The spring and damper in general react to the relative velocity across them, so junction 
06 added between 13 and 15.
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Fig.2(a) C-P sub-model; (b) R-P sub-model; (c)S-P sub-model 
Accordingly, removing the redundant elements based on the analysis model, the dynamic model is 
simplified to the way shown in Fig.3 which marked in line with certain principle of the bond graph theory.  
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Fig. 3 Simplified dynamic model of the PGT 
3.  State space equations 
Following in the principles of the bond graph, the differential and algebraic equations can be derived 
from the BG model shown in Fig.3 as follows. The symbols have the same meaning as the figures above. 
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4. PGT modal analysis 
Modal analysis is an important aspect of dynamic analysis. Bond graph theory can not only be used in 
system modeling and simulation of multi-energy domains, but also be applied in model analysis directly. 
A PGT with three planet gears is used here as an application example. 
4.1. Design parameters 
Table 1 lists the basic gear parameters. And the meshing stiffness values of the coupling elements are 
defined as 5×108（N/m）.
Table 1 Basic parameters of the example planetary gear 
Parameter Sun Planet Ring Carrier
Number of teeth 27 35 99 -- 
Pitch radius (mm) 40.5 -- 148.5 -- 
Module(mm) 3 3 3 -- 
Pressure angle(°) 24.6 24.6 24.6 -- 
Rotary inertia (kg/m2) 6.397e-4 1.779e-3 6.616e-2 5.617e-2 
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4.2. Analysis of natural frequencies and vibration modes 
The simultaneous differential equations derived from the bond graph can be expressed as state 
equations as follows: 
                                                               yAy 
                                                                             (6) 
Where  A  is a fifteen-order matrix. Fifteen eigenvalues i  and corresponding eigenvectors contain 
momentum modes and deformation modes can be obtained. The eigenvalues and eigenvectors exist in 
dual forms can be recorded respectively as follows: 
                                                      0001 rrdiag                                                      (7) 
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Where r is the number of nonzero eigenvalues, s is the number of zero eigenvalues, 15sr , p  and 
q denote the momentum modes and the deformation modes. The undamped natural frequencies 
 00000006444644464446444592059201121411214 iiiiiiiidiag  .
Since the PGT is unloaded, additional zero-frequency modes are predicted in the results. According to the 
integral causalities, momentum modes and deformation modes can be derived form the characteristic 
equations of inertial elements and capacitive elements respectively. Also, the angular velocity modes  ,
displacement modes  , force modes F , stress modes  and other isomorphic modes can be obtained 
easily through simple formula transformation. The computational formula of  is given as   piiji Idiag  1)(   ( 62,1,152,1   ji ). Then the displacement mode shapes (corresponding 
to nonzero frequency) of the PGT is obtained as Fig.4. 
    
Fig.4 Displacement mode shapes of the example planetary gear (a) 11214Hz ; (b) 5920Hz; (c) 6444Hz; (d) 6444Hz 
In Fig 4(a) and (b), modes at 11214Hz and 5920Hz are shown. In these modes, all components rotate 
in certain direction and amplitude, and the planets move the same way with respect to their central 
members indicating that the modes are an axisymmetric overall mode. But in Fig 4(a), the rotate direction 
of the sun gear is opposite to the carrier and the ring gear, while that of the carrier is different with the 
others in Fig 4(b). Fig 4(c) and (d) illustrate a repeated(planet) mode at 6444Hz. None of the central 
members rotate in this mode while the planets have a different type of motion, but the algebraic sum of all 
coordinate components for each mode goes to zero. 
5. Conclusions 
A generalized dynamic model of the planetary gear train considered the meshing stiffness based on 
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bond graph theory is set up. Free torsional vibration analysis of the PGT is carried out to demonstrate the 
capabilities of the BG model. The results indicate that the model can not only predict the natural 
frequencies and the displacement mode shapes, but also deduce the generalized deformation mode shapes 
simultaneously. Also, the angular velocity modes  , displacement modes  , force modes F , stress 
modes  and other isomorphic modes can be obtained easily through simple formula transformation. 
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